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We study the passage times of a transloating polymer of length N in three dimensions, while it
is pulled through a narrow pore with a onstant fore F applied to one end of the polymer. At
small to moderate fores, satisfying the ondition FNν/kBT . 1, where ν ≈ 0.588 is the Flory
exponent for the polymer, we nd that τN , the mean time the polymer takes to leave the pore,
sales as N2+ν independent of F , in agreement with our earlier result for F = 0. At strong fores,
i.e., for FNν/kBT ≫ 1, the behaviour of the passage time rosses over to τN ∼ N
2/F . We show
here that these behaviours stem from the polymer dynamis at the immediate viinity of the pore
 in partiular, the memory eets in the polymer hain tension imbalane aross the pore.
I. INTRODUCTION
Moleular transport through ell membranes is an es-
sential mehanism in living organisms. Often, the mole-
ules are too long, and the pores in the membranes too
narrow, to allow the moleules to pass through as a single
unit. In suh irumstanes, the moleules have to de-
form themselves in order to squeeze  i.e., transloate 
themselves through the pores. DNA, RNA and proteins
are suh naturally ouring long moleules (1; 2; 3; 4; 5)
in a variety of biologial proesses. Transloation is also
used in gene therapy (6; 7), in delivery of drug moleules
to their ativation sites (9), and as a potentially heaper
alternative for single-moleule DNA or RNA sequening
(8; 16). Consequently, the study of transloation is an
ative eld of researh: as a ornerstone of many biolog-
ial proesses, and also due to its relevane for pratial
appliations.
Transloation in living organisms is a omplex proess.
Take for instane the ase of gene expression: most pro-
teins are synthesized within the ytoplasm. Their subse-
quent aurate and swift delivery to target sites, requir-
ing energy, is a ruial step in gene expression. In dier-
ent situations the energy is provided by haperon mole-
ules (11), pH gradient (12) or moleular motors aross
membranes (13). These delivery mehanisms an be fur-
ther ompliated by membrane utuations and some-
times by gates that ontrol the aessibility of the pores
(14). In view of suh omplexity, transloation as a bio-
logial or biophysial proess in living organisms has been
srutinized in a variety of in vivo experimental situations
[see e.g. Ref. (15) and the referenes therein℄.
The experimental developments have been followed by
a number of mean-eld type theoretial studies on poly-
mer transloation (20).
More reently, transloation has found itself at the
forefront of single-moleule-detetion experiments (8;
17), as new developments in design and fabriation of
nanometer-sized pores and ething methods may lead to
heaper and faster tehnology for the analysis and dete-
tion of single maromoleules. The underlying priniple
for these experiments is that of a Coulter ounter: mole-
ules suspended in an eletrolyte solution pass through a
narrow pore in a membrane. The eletrial impedane
of the pore inreases with the entrane of a moleule
as it displaes its own volume of the eletrolyte solu-
tion. By applying a voltage over the pore, the passing
moleules are deteted as urrent dips. For nanometer-
sized pores (slightly larger than the moleule's ross-
setion) the magnitude and the duration of these dips
have proved to be eetive in determining the size and
length of the moleules. In the ase of DNA sequening
at nuleotide level, usage of protein pores (modied α-
haemolysin, mitohondrial ion hannel, nulei aid bind-
ing/hannel protein et.), and ething spei DNA se-
quenes inside the pores (6; 18) have opened up promis-
ing new avenues of fast, simple and heap tehnology for
single maromoleule detetion, analysis and harateri-
zation [see Ref. (19) for a reent development℄.
The subjet of this paper is a transloating polymer
threaded through a narrow pore in an immobile mem-
brane, where a bead is attahed to one end of the poly-
mer, and the bead is pulled by an optial tweezer with a
onstant fore. Suh a setup an be used to spread apart
a partially unzipped dsDNA moleule  of whih one
strand is threaded through the pore  a proess that
an quantify the fores involved in basepair unzipping
kinetis (21). In theoretial literature, this problem has
been onsidered in reent times: for polymer length N
and applied fore F , in Ref. (22), in the absene of hy-
drodynamial interations, a lower bound ∝ N2 for small
fores (FNν/kBT ≤ 1) has been argued for the polymer's
mean unthreading time τN , the average time it takes for
the polymer to leave the pore. The lower bound holds
in the limit of unimpeded polymer movement, i.e., for an
innite pore, or equivalently, in the absene of the mem-
brane. Simulation data (in two-dimensions) presented in
Ref. (22) indiated that the lower bound may very well
2be valid in the limit of narrow pores as well. The same
problem, also in the absene of hydrodynamial intera-
tions, has been numerially studied in two-dimensions in
Ref. (23). It reported that for narrow pores τN ∼ N
2
with the veloity of transloation v(t) ∼ N−1 for moder-
ate and strong fores. As the fore-dependene of τN is
onerned, Ref. (23) reported numerial results that in
the absene of the membrane τN ∼ F
−2+ 1
ν
for moderate
fores, and τN ∼ F
−1
for strong fores, while for narrow
pores τN ∼ F
−1
for moderate to strong fores.
The purpose of this paper is to revisit the problem
of transloation of a polymer pulled through a narrow
pore in the absene of hydrodynamial interations, in
order to provide a deeper theoretial understanding of
the polymer dynamis under these onditions, as well as
of the saling behaviour of the unthreading time of the
polymer. In support of our theory, we perform high pre-
ision omputer simulations, using a three-dimensional
self-avoiding lattie polymer model that we have used
before to study polymer transloation (24; 26; 27) and
several other situations (28). Our onventions to study
this problem, all throughout this paper, is the following.
We plae the membrane at z = 0, and thread the poly-
mer of total length 2N halfway through the pore suh
that both the right (z > 0) and the left (z < 0) of the
membrane have equal number of monomers N . We x
the middle monomer (monomer number N) at the pore,
apply a fore F on the free end on the right and let both
left and right segments of the polymer ome to equilib-
rium. At t = 0 we release the middle monomer and let
transloation ommene. The mean time τN that the
polymer remains within the pore is dened as the mean
unthreading time for polymer length N under the fore
F . Additionally, we use kBT = 1, although kBT is ex-
pliitly mentioned at several plaes in the paper.
Our main results in this paper are as follows. At small
to moderate fores, satisfying the ondition FNν . 1,
where ν ≈ 0.588 is the Flory exponent for the poly-
mer, we nd that τN is independent of F . In agreement
with our earlier result for unbiased polymer transloa-
tion; i.e., for F = 0 (24), τN sales with polymer length
as τN ∼ N
2+ν
. At strong fores, i.e., for FNν ≫ 1, we
nd τN ∼ N
2/F . While these results agree with the ex-
isting ones (22; 23) in broad terms, we show that v(t), the
veloity of transloation is not onstant in time. In fat,
for strong fores, we show that the veloity of transloa-
tion v(t) behaves as t−1/2, while for small to moderate
fores the behaviour of v(t) is more ompliated. The
physial piture provided in Refs. (22; 23), wherein the
saling arguments for the unthreading time involved a
onstant veloity of transloation (albeit an average one,
in light of this work) is inomplete (29). Using theoreti-
al analysis supported by high-preision simulation data,
we show that these behaviours stem from the dynamis
of the polymer segments at the immediate viinity of the
pore  in partiular, the memory eets in the polymer
hain tension imbalane aross the pore. The theoretial
analysis presented here is based on that of Ref. (24), and
therefore provides a diret onrmation of the robustness
of the theoretial method presented in Ref. (24).
This paper is organized in the following manner. In
Se. II we disuss a method to measure omponent of
the polymer hain tension whih is perpendiular to the
membrane. In Se. III we analyze the memory eets
in φ(t), the imbalane of this omponent of the polymer
hain tension. In Se. IV we disuss the onsequene of
these memory eets on the transloation veloity v(t),
and obtain the relation between the mean unthreading
time τN and the polymer length N . We nally end this
paper with a disussion in Se. V.
II. CHAIN TENSION PERPENDICULAR TO THE
MEMBRANE
A transloating polymer should be thought of as two
segments of polymers threaded at the pore, while the
segments are able to exhange monomers between them
through the pore. In Ref. (24) we developed a theoreti-
al method to relate the dynamis of transloation to the
imbalane of hain tension between these two segments
aross the pore. The key idea behind this method is that
the exhange of monomers aross the pore responds to
φ(t), this imbalane of hain tension; in its turn, φ(t) ad-
justs to v(t), the transport veloity of monomers aross
the pore. Here, v(t) = s˙(t) is the rate of exhange of
monomers from one side to the other, where s(t) is the
total number of monomers transferred from one side of
the pore to the other in time [0, t]. In fat, we noted that
s(t) and φ(t) are onjugate variables in the thermody-
nami sense, with φ(t) playing the role of the hemial
potential dierene aross the pore.
By denition, φ(t) = ΦR(t) − ΦL(t) where ΦR(t) and
ΦL(t) are respetively the hain tension (or the hemi-
al potential) on the right and the left side of the pore.
Consider a separate problem, where we tether one end
of a polymer to a xed membrane, yet the number of
monomers are allowed to spontaneously enter or leave
the tethered end, then we have
Wt(− → +)
Wt(+→ −)
= exp[Φ(t)/kBT ] , (1)
where Wt(− → +) [resp. Wt(+ → −)℄ is the rate that a
monomer enters (resp. leaves) the polymer hain through
the tethered end at time t. Note that tethering the poly-
mer while allowing monomers to enter or leave the poly-
mer at the tethered end is preisely the ase that trans-
loation represents.
Returning to our problem of a transloating polymer
under a pulling fore F , note that at t = 0, when the
left and the right segments are equilibrated with F = 0
and F 6= 0 respetively, it is easy to use Eq. (1) to
measure the hain tension for both segments at the pore
[Φ(t = 0) in our notation℄, sine under these onditions,
we also have the relation that
P−Wt=0(− → +) = P+ Wt=0(+→ −) , (2)
3where P− (resp. P+) is the probability that the (left or
the right) polymer segment has one monomer less (resp.
one extra monomer). Equations (1) and (2) together
yield us
Φ(t = 0) = kBT ln
P+
P−
. (3)
Note that even for F = 0, there is nonzero hain ten-
sion, due to the presene of the membrane. A polymer's
free energy lose to a membrane is higher than its free
energy in bulk. In other words, the membrane repels
the polymer, and as a result, for a polymer with one
end tethered to a membrane, the monomers lose to the
membrane are more strethed than they would be in the
bulk.
The hain tension as obtained from Eq. (3) is linearly
related to the z-oordinate of the entre-of-mass of the
rst few monomers along the polymer's bakbone, at the
immediate viinity of the pore, at least for the relatively
modest fores used in our simulations. This is shown in
Fig. 1, where for a tethered polymer of length N = 100,
the average distane 〈Z(4)(t = 0)〉 of the entre-of-mass
of the rst 4 monomers along the polymer's bakbone,
ounting from the tethered end of a polymer, is plotted
versus the hain tension Φ, while its free end is pulled
with various fore strengths F . Within the error bars, all
the points in Fig. 1 fall on a straight line, implying that
Φ is very well-proxied by 〈Z(4)〉. Note in Fig. 1 that the
blak line does not pass through the origin, whih shows
that ΦF=0 6= 0, as we argued above. Sine measurements
of the hain tension via Eq. (3) are muh more noisy than
measurements of 〈Z(4)〉, we will use the latter quantity
as a measure for the hain tension.
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FIG. 1 〈Z(4)(t = 0)〉 vs. Φ(t = 0) demonstrating the lin-
ear relationship between the two, for N = 100 and F =
0.0, 0.3, 0.5, 0.7, 0.9 and 1.0 respetively. The angular brak-
ets for 〈Z(4)(t = 0)〉 indiates an average over 12, 800, 000
polymer realizations. The data for for Φ(t = 0) are obtained
2, 400 polymer realizations. The red line orresponds to the
linear best-t. Inset: 〈Z(4)(t = 0)〉 as a funtion of F .
III. MEMORY EFFECTS IN THE z-COMPONENT OF THE
CHAIN TENSION
In the ase of unbiased polymer transloation, we
have witnessed in Ref. (24) that the memory eets of
the polymer gives rise to anomalous dynamis of trans-
loation. We argued (24) that the imbalane of the
hain tension φ(t) aross the pore and the number of
monomers s(t) that have rossed from one side of the
membrane to the other in time [0, t] are onjugate vari-
ables in the thermodynami sense. Additionally, φ(t) is
related to the transloation veloity v(t) by the relation
φ(t) = φt=0 −
∫ t
0
dt′µ(t − t′)v(t′) via the memory kernel
µ(t), whih an be thought of as the `impedane' of the
system. On average, there will not be an imbalane in
hain tension if no fore is applied, but there will be u-
tuations in hain tension. When the polymer is pulled by
a fore F to the right, the symmetry between the poly-
mer segments on two sides of the membrane (viz., the
polymer segments on the right are more strethed than
those on the left of the membrane), are destroyed. As a
result, on average φ(t), φt=0 and v(t) are non-zero, and
from now on, we understand these three quantities as an
average over all the unthreading polymers. Additionally,
for F 6= 0 the memory eets ontinue to be present, and
the memory kernels µL(t) and µR(t) for the polymer seg-
ments on the left and the right sides of the membrane are
dierent. In Ref. (24) we determined µL(t) ≡ µF=0(t)
by tethering a polymer of length N − 10 on a xed mem-
brane, where we injeted p monomers at the tethered
end at time t = 0, i.e., v(t) = pδ(t) with p = 10 (bring-
ing the nal polymer length to N), and proxying φ(t) by
the average distane of the entre-of-mass of the rst 5
monomers 〈Z(5)(t)〉 from the membrane. We found
µL(t) ∼ t
− 1+ν
1+2ν exp(−t/τ
Rouse
) , (4)
where τ
Rouse
∼ N1+2ν is the Rouse time, the longest
relaxation time-sale of a polymer of length N .
Following the same line as presented in Ref. (24), here
we ompute µR(t), the memory eet of a polymer of
length N with one end tethered to a membrane, and the
other end pulled by a fore F . The rst step to do this
is to obtain the relaxation time for a polymer of length
N under these onditions. For F = 0 the result for the
relaxation time ∼ τ
Rouse
is well-known [and has been on-
rmed in an earlier study of ours (27)℄, but with F 6= 0, to
the best of our knowledge, the orresponding analytial
result does not exist. We therefore resort to simulations:
we denote the vetor distane of the free end of the poly-
mer w.r.t. the tethered end at time t by e(t), and dene
the orrelation oeient for the end-to-end vetor as
c(t) =
〈e(t) · e(0)〉 − 〈e(t)〉 · 〈e(0)〉√
〈e2(t)− 〈e(t)〉2〉〈e2(0)− 〈e(0)〉2〉
. (5)
The angular brakets in Eq. (5) denote simple ensemble
averaging for F 6= 0. We rst obtain the time orrelation
oeients c(t) for 256 independent polymers, and c¯(t)
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FIG. 2 (a) c¯(t) ∼ exp(−t/τF ) for strong fores, with τF ∼ N
2
; the data shown orrespond to F = 1.0; data obtained using
256 polymers for eah value of N . Inset: the same data are shown in semi-log plot to show that the deay of c¯(t) in time is
exponential at long times. (b) Behaviour of µR(t), proxied by 〈Z
(4)(t)〉, for N = 100 and four dierent values of F : F = 0.0
(maroon), F = 0.3 (red), F = 0.5 (green), and F = 1.0 (blue); the solid blak line orresponds to a slope t−1/2; data obtained
using 12, 800, 000 polymers for eah value of F . See text for more details.
is a further arithmati mean of the orresponding 256
dierent time orrelation oeients. At strong fores,
when we sale the units of time by fators of N2 (for self-
avoiding polymers!), the c¯(t) vs. t urves ollapse on top
of eah other. This is shown in Fig. 2(a) for F = 1.0 and
N = 100, . . . , 350.
What happens at small to moderate fores to the re-
laxation time is not entirely lear to us. We do not expet
the relaxation time-sale to hange ontinuously with F .
Thus, given the two limits τ
Rouse
∼ N1+2ν for F = 0
and τF ∼ N
2
for strong fores, we believe that at small
to moderate fores the relaxation time beomes a linear
ombination of τ
Rouse
∼ N1+2ν and τF ∼ N
2
, with the
oeients of these two times varying with the magni-
tude of F .
While Fig. 2(a) provides the answer to the relaxation
of the entire polymer for strong fores, the seond step
to identify α for µR(t) ∼ t
−α exp(−t/τF ) for some α for
strong fores is to analyze the relaxation of the polymer
segments at the immediate viinity of the tethered point.
The value of α depends on the relaxation properties fol-
lowing the event of injeting, say, p extra monomers at
the tether end, just like extra monomers add to (or get
taken out of) the right segment of the polymer dur-
ing transloation. Given the exp(−t/τF ) behaviour of
Fig. 2(a), we antiipate that by time t after the extra
monomers are injeted at the tethered point, the extra
monomers will ome to a steady state aross the inner
part of the polymer up to nt ∼ t
1/2
monomers from the
tethered point, but not signiantly further. This inter-
nal setion of nt + p monomers in steady state extends
only to r(nt) from the membrane, beause the larger sale
onformation has yet to adjust, and onsequently there
is a ompressive fore f on these nt monomers.
For F = 0, r(nt) ∼ n
ν
t is the only length sale for
the equilibrated setion of the hain, whih leads to
fF=0 ∼ kBTδr/r
2
(24), but for F 6= 0 this does not hold.
For small to moderate fores, i.e., for FNν/kBT . 1, the
polymer onformation is given by a sequene of blobs of
size ξ, given by the relation Fξ = kBT and for strong
fores, i.e., for FNν/kBT ≫ 1, ξ → a, where a is the
size of a single monomer (22; 25). Thus, for F 6= 0,
the shape of the polymer resembles that of a ylinder,
implying fF 6=0 ∼ kBTδr/(rξ). The independene of ξ
on nt implies that r(nt) ∼ nt, whih allows us to write
fF 6=0 ∼ kBTδnt/(ntξ) ∼ t
−1/2
. This fore is transmitted
to the membrane, through a ombination of dereased
tension at the tether and inreased inidene of other
membrane ontats. The fration borne by reduing ten-
sion leads us to what is, stritly speaking, an inequality:
α ≥ 1/2. However, it seems unlikely that the adjust-
ment at the membrane should be disproportionately dis-
tributed between the two nearly balaning eets of poly-
mer hain tension and monomeri repulsion, leading to
the expetation that the inequality beomes an equality.
Theoretially however, we annot rule out the larger
values for α, but our numerial results in Fig. 2(b),
where we have used 〈Z(4)(t)〉 to proxy ΦR(t) and p = 5,
for strong fores favour the smallest theoretial value,
namely α = 1/2. The power law deay preeding the ex-
ponential ones in Fig. 2(b) hange from t−
1+ν
1+2ν
at F = 0
to t−1/2 for strong fores (FNν/kBT ≫ 1). Following the
disussion about relaxation times for small to moderate
fores three paragraphs above, we believe that between
F = 0 and FNν/kBT ≫ 1 the deay for ΦR(t) at short
50 2500 5000 7500 1e+04
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FIG. 3 (a) Behaviour of φ(0) − φ(t) for N = 100 as a funtion of t, shown by means of the proxy variable 〈z(4)(0) − z(4)(t)〉,
showing that φ(0)−φ(t) redues to a onstant very quikly: F = 1.0 (red) and F = 0.5 (blue). The angular brakets denote an
average over 672, 000 polymer realizations. (b) Mean time required, for F = 1.0, to unthread a distane s for s = 5, 10, 15, . . . , N :
N = 100 (red), N = 200 (green), N = 300 (blue). The time-axis orresponding to N = 200 is the true time, for the N = 100
and N = 300 ases the time axis is divided and multiplied by a fator 2 respetively. This is done in order to show that the
slope of the urves redues slowly with inreasing N : we obtain, for N = 100 a slope of 0.57, for N = 200 a slope of 0.54, and
N = 300 a slope of 0.52 at short times. At long times the slope inreases for all values of N : most likely due to the fat that
the monomer at the pore is too lose to the end of the polymer. The solid blak line orrespond to a slope of 0.52. The angular
brakets denote an average over 48, 000 polymer realizations. See text for more details.
times is a ombination of these two power laws. Addi-
tionally, loser inspetion of the urves for F = 0.3 and
F = 0.5 in Fig. 2(b) reveals that the slope is steeper in
the beginning: perhaps it is an indiation that relaxation
within a blob (orresponding to t−
1+ν
1+2ν
) preedes inter-
blob rearrangements (orresponding to t−1/2). Neverthe-
less, at strong fores, the behaviour
µR(t) ∼ t
− 1
2 exp(−t/τF ), with τF ∼ N
2, (6)
stands as a witness of the fat that the Flory-like stru-
ture of the polymer is entirely destroyed.
IV. THE RELATION BETWEEN φ(t) AND v(t), AND THE
SCALING BEHAVIOUR OF τN
A. Relation between the imbalane of hain tension φ(t) and
the transloation veloity v(t)
In this subsetion we onsider the strong fore ase as it
is simpler. The moderate to weak fore ase is disussed
in Se. IV.B.
So far, we have µL(t) ∼ t
− 1+ν
1+2ν exp(−t/τ
Rouse
) and
µR(t) ∼ t
−1/2 exp(−t/τF ) for strong fores. Sine the
memory eets in the dynamis of the transloating poly-
mer stem from the power laws, in the absene of symme-
try between the left and the right segment of the polymer,
we only need to keep trak of the power law of µR(t), as
it has a lower exponent than µL(t). In other words, in
the relation
φ(t) = φt=0 −
∫ t
0
dt′ |µ(t− t′)| v(t′) , (7)
we have to use the fat that the power law deay of µ(t)
behaves ∼ t−1/2. Note the absolute value around µ(t),
as the sign of µ(t) is negative.
Equation (7) an be inverted via Laplae transforma-
tion, yielding
v(k) =
φt=0
k|µ(k)|
−
φ(k)
|µ(k)|
, (8)
where k is the Laplae variable representing inverse time.
Thereafter, using µ(t) ∼ t−1/2, i.e., µ(k) ∼ k−1/2, and
Laplae-inverting Eq. (8), we get
v(t) =
∫ t
0
dt′ (t− t′)−3/2 [φt=0 − φ(t)] . (9)
B. Saling behaviour of τN with N
In Eq. (9), if φ(t) goes to a onstant 6= φt=0, then
v(t) ∼ t−1/2 i.e., s(t) =
∫ t
0
dt′ v(t′) ∼ t1/2 , (10)
where s(t) is the distane unthreaded in time t (30).
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FIG. 4 Collapse of all data in terms of FNν/kBT and
τN/N
2+ν
for F = 0.0, 0.1, 0.2, . . . , 1.0. Inset: the same data
in log-log plot, the blak line orresponds to a slope of −1.
The τN values orrespond to the median for 1, 024 polymer
unthreading events.
In Fig. 3(a) we show the behaviour of [φt=0 − φ(t)]
by means of the proxy variable 〈z(4)(0) − z(4)(t)〉 for
strong fores [F = 1.0 (red) and F = 0.5 (blue)℄, where
z(4)(t) is the dierene between the Z(4)(t) values be-
tween the right and left segment of the polymer, i.e.,
z(4)(t) = Z
(4)
R (t) − Z
(4)
L (t). Indeed [φt=0 − φ(t)] goes to
a onstant fairly quikly. Following Eq. (10), this yields
us the saling s(t) ∼ t1/2 for strong fores. The data in
support of the saling s(t) ∼ t1/2 are shown in Fig. 3(b),
for F = 1.0.
The saling for the mean unthreading time τN is ob-
tained from the equation s(τN ) = N . For strong fores,
it is derivable as τN ∼ N
2
 as shown in Fig. 4(a) or
in earlier works (22; 23)  from Eq. (10) if we assume
that [φt=0 − φ(t)] is a onstant independent of N . It
seems reasonable (and likely!) that a loal property like
[φt=0−φ(t)] should be unaeted by the polymer length,
whih is a large-sale property; nevertheless, we have no
way to argue this theoretially. In the ontext of using
Eq. (10) to obtain τN ∼ N
2
, it is however useful to note
that in the saling sense τN is smaller than (or equal
to) the time sales in the exponential deay of µR(t) and
µL(t), otherwise the power-law behaviour of µ(t) we used
in Eq. (710) would not have been appliable for all times
t < τN .
The ollapse of all the data for the unthreading times
for several dierent values of N and F in terms of the
variables FNν/kBT and τN/N
2+ν
, as shown in Fig. 4,
indiates that the unthreading time τN an be written in
a saling form as
τN ∼ N
2+ν g
(
FNν
kBT
)
, (11)
where g(x) is a saling funtion of its argument x. Figure
4 shows that g(x) ∼ 1/x for x ≫ 1. Note that g(0) is
a onstant, in agreement with our earlier result that the
unthreading time sales as N2+ν in for unbiased trans-
loation (24), in whih ase the polymer leaves the pore
purely due to thermal utuations.
The fat that g(0) is a onstant indiates that g(x) has
to deviate from the 1/x behaviour as x approahes zero.
From the inset of Fig. 4 we see that g(x) starts to deviate
from the 1/x behaviour at about x = 4, at whih point
the fore is moderate in strength. In Fig. 4, note also
that τN/N
2+ν
has a higher prefator lose to x = 0 than
at x = 0.
A priori , the same analysis (7-10) holds for small to
moderate fores as well. Nevertheless, whether Eq. (9) is
atually useful in suh irumstanes is a dierent mat-
ter. Indeed, a deeper investigation reveals that φt=0 for
small to moderate fores an be extremely small. To
give a feeling for how small φt=0 an be, we obtained
〈Z(4)(t = 0)〉 values for N = 100 for F = 0.0, 0.1, . . . , 1.0
(not all are plotted in Fig. 1). The 〈Z(4)(t = 0)〉 val-
ues for F = 0.1, . . . , 0.3 (approximate x-values 1.5, 3 and
4.5 in Fig. 4), orresponding to the right segment of the
polymer, turned out to be 1.35, 1.36 and 1.38 respetively,
while 〈Z(4)(t = 0)〉 orresponding to F = 0.0 (i.e., for the
left segment of the polymer) turned out to be 1.34.
Sine FNν/kBT is a dimensionless parameter that de-
sribes the eet of the fore on the polymer's dynamis
ompared to the eet of thermal utuations, it seems
logial that if FNν/kBT is slowly redued, thermal u-
tuations start to dominate over the eet of the fore,
and transloation by the pulling fore F starts to resem-
ble unbiased transloation, i.e., transloation in the ab-
sene of any external fores (24; 26; 27). Suh a piture is
manifested by both sides of Eq. (9) eetively beoming
zero as suggested in the above paragraph; the equation
remains valid, but eases to be useful in pratie.
V. DISCUSSION
In this paper, we have onsidered polymer transloa-
tion pulled through a narrow pore by a fore F . We have
provided a theoretial desription of the polymer's dy-
namis under these onditions, as well as of the saling
behaviour of the unthreading time τN for the polymer of
total length 2N , the time the polymer takes to leave the
pore. Our theory is supported by high preision om-
puter simulation data, generated for a three-dimensional
self-avoiding lattie polymer model.
At strong fores, i.e., for FNν ≫ 1, we have reported
τN ∼ N
2/F : we have shown that the transloation ve-
loity v(t) is not onstant in time; in fat, the veloity of
transloation v(t) is shown to behave as t−1/2, while for
small to moderate fores the behaviour of v(t) is more
ompliated. At small to moderate fores, satisfying the
ondition FNν . 1, where ν ≈ 0.588 is the Flory expo-
nent for the polymer, we have found that τN is indepen-
7dent of F , and in agreement with our earlier result for
unbiased polymer transloation (24) sales with polymer
length as τN ∼ N
2+ν
.
We have shown that the saling of v(t) as well as the
N -dependent part of τN stem from the dynamis of the
polymer segments at the immediate viinity of the pore
 in partiular, the memory eets in the polymer hain
tension imbalane aross the pore. The theoretial anal-
ysis presented here is based on that of Ref. (24), and
therefore provides a diret onrmation of the robust-
ness of the theoretial method presented in Ref. (24).
Additionally, we note that the physial piture provided
in Refs. (22; 23), wherein the saling arguments for the
unthreading time involved a onstant veloity of trans-
loation (albeit an average one, in light of this work) is
inomplete.
It should nevertheless be mentioned that the depen-
dene of the relevant quantities, suh as v(t) or τN on F is
beyond the sope of the theoretial desription provided
here. The main reason behind this is that no analyti-
al expression has been reported (neither do we have one
ourselves) for the quantities, suh as the polymer hain
tension, memory kernel et. for fore F . Indeed, the be-
haviour of the quantities of interest on F is ompliated,
as already manifested by Fig. 1, and in the absene of a
theoretial desription involving F , numerial investiga-
tion has remained the only way. Nevertheless, we note
that the y-axis of Fig. 4 as τN/N
2+ν
[originating from
our previous work (24)℄, the x-axis of Fig. 4 as FNν/kBT
as a measure of the strength of the fore in relation to
thermal utuations, and the saling τN ∼ N
2
at strong
fores automatially imply that τN has to behave ∼ 1/F
at strong fores.
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